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the shapes between a surface and its parameter domain, as opposed to common parameterization
methods. A parametric tool path planning method is proposed in this paper through such
parameterization of triangular meshes which is furthermore based on the geodesic on meshes.
The parameterization has the properties of local similarity and free boundary which are exploited
to simplify the formulas for computing path parameters, which play a fundamentally important role
in tool path planning, and keep the path boundary-conformed and smooth. Experimental results
are given to illustrate the effectiveness of the proposed methods, as well as the error analysis.
ª 2015 The Authors. Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).1. Introduction
NCmachining, as the core of advanced manufacturing technol-
ogy, has been a dominant technology in the machining of free-
form surface parts, e.g., aero-parts and molds. Compared with
B-spline surfaces which are widely used in modern CAD/CAM
systems, the advantage of mesh data is simplicity and being able
to be stored and exchanged easily, making tool path planning
for meshes more appealing. However, mesh data only has sim-
ple topology information, i.e., vertices and connection relation-
ship, without being endowed with parametric structures anddifferential attributions, which conﬁnes the development of
tool path planning for meshes.
Although there are enormous methods of tool path plan-
ning, most of them are used for continuous surfaces. For
example, the iso-planar method1,2 treats the intersections
between surface and parallel planes as a tool path. The iso-
parametric tool path3 is generated by keeping one parameter
constant while varying the others. In addition, the iso-scallop
method4–6 obtains a tool path by varying the offset magnitude
of the nodes along the path, so that the scallop height formed
between two adjacent machining paths is constant.7,8 Lee9
generated a spiral tool path through connecting consecutive
contour parallel tool paths. However, tool path planning
methods for meshes are still immature. Since meshes lack a
parametric structure, the iso-planar method is often adapted
to plan direction parallel tool paths for meshes.10,11
Although this method is robust to the shapes of surfaces, it
needs enormous Boolean computation and the tool path
generation is severely affected by the initial path direction. It
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Moreover, if a surface has a complex boundary, the
iso-planar method will generate relatively short tool paths
(i.e., not boundary-conformed). These short paths will
result in a repeating acceleration/deceleration process, which
dramatically reduces machining efﬁciency and precision.
When planning contour parallel or spiral tool paths, conven-
tional offsetting methods will introduce self-intersection or dis-
continuities of tool paths and have to implement self-
intersection trimming and discontinuous tool paths connect-
ing. Furthermore, sharp corners on the boundary will be inher-
ently preserved on each offset path and such corners will result
in vibrations of machine tools and reductions of efﬁciency and
precision. Because of these defects, these methods can hardly
be applied to modern high-speed and precision machining.
Since surface parameterization is to ﬁnd a bijective map-
ping between a surface and its parameter domain, it allows
operations on the surface being performed on the correspond-
ing parameter domain. This property has attracted much
attention. For example, Yang et al.12 employed reparameteri-
zation of a trimmed surface to generate a boundary-
conformed and smooth tool path. Sun et al.13 employed
harmonic mapping to generate a spiral tool path for meshes.
In their work,14 a direction parallel tool path and contour
parallel tool path planning method is also proposed based
on harmonic mapping, which is not only boundary-conformed
but also smooth. However, a boundary-limited (such as a circle)
harmonic mapping will generate large conformation after the
unfolding in a plane, which will lead to a scallop error. Since that,
some developments of such mapping-based methods have been
presented, e.g., Xu et al.15 generated a constant scallop-height
tool path on meshes based on harmonic mapping. Chen et al.16
obtained a spiral tool path by the harmonic mapping method.
Furthermore, some other parameterization methods have been
introduced. For example, Li et al.17 introduced the least square
conformal map to generate an iso-parametric direction parallel
tool path on meshes. It employed a free boundary, internal-
angle limitation and linear calculation, which would control
parameterization conformation and scallop height. Xu et al.18
introduced an angle-based ﬂattening (ABF) based method for
pattern sculpting on free-form surfaces, which could convert a
2D pattern into discrete data points for tool path generation from
a digital image using an image boundary processing technique.
These works mentioned above only focused on the free-
boundary property of harmonic mapping which means the
boundary of a parameter domain can be set arbitrarily and thus
a tool path will be consistent with the boundary of meshes.
However, it may result in complex computations (enormous
Boolean operations for computing intersections and iterations
for solving nonlinear equations) to calculate the geometric
parameters of the tool path. In addition, harmonic mappings
employed in thesemethods are highly distorted and not bijective
which means there are more than one vertex corresponding to
one vertex in the planar. It can be concluded that there are many
opportunities for much more detailed research in this area. To
overcome the previous shortcomings, a novel conformal param-
eterization algorithm is proposed to gain a bijective mapping
and less distortion on conformal maps, in order to avoid an
objective map.14 Furthermore, the local similarity property of
conformal parameterization is implemented to simplify the for-
mulas of computing geometric parameters of a tool path. In
addition, the proposed parameterization method also has thefree-boundary property that can be used to plan a boundary-
conformed tool path. The difference of our work from others
is the use of a conformal geometry to reformulate tool path plan-
ning (i.e., formulas for calculating path parameters), in order to
provide a more in-depth and comprehensive study of the tool
path planning method which is based on surface
parameterization.
The remainder of this paper is organized as follows.
Section 2 improves Floater’s conformal parameterization for
triangular meshes. Section 3 studies the properties of such
parameterization and how they can be applied to tool path
planning, i.e., local similarity and free-boundary properties.
In Section 4, we derive the formulas for calculating path
parameters, which is signiﬁcant simpliﬁcation of conventional
ones, and describe the proposed iso-parametric tool path plan-
ning method. Experimental results are shown in Section 5.
Finally, conclusions are given in Section 6.2. Conformal mapping for spatial mesh
Surface parameterization is a method which is based on ﬁnd-
ing a bijective mapping relationship between a planar domain
and a surface. Similarly, the parameterizing process of a trian-
gular mesh is to ﬁnd a set of planar triangles to represent the
spatial one, which can be fully described by the correspon-
dence between their vertices. Consider a triangular mesh
S ¼ ðV;BÞ, where V and B are the vertex and boundary sets,
respectively, approximating a surface C embedded in R3.
Thus, parameterization of S can be modeled as:
f : V2 ! V3 ð1Þ
where V2; V3 are the vertex sets of the meshes for 2D and 3D
surface, respectively. The so-called conformal parameteriza-
tion means that the mapping preserves the angles between
the two meshes.
2.1. Local conformal mapping
Previous work19 employed the exponential mapping and
barycentric coordinates to construct local conformal mapping.
With the help of such mapping, local vertices can be mapped
to a tangent plane in an isometric sense. Since the local map-
ping is isometric with respect to the centric vertex, it is confor-
mal and authalic. The so-called exponential mapping is a
relationship between the neighborhood of a point and its tan-
gent plane, which preserves the geodesic distance locally.
Deﬁnition 1. The exponential mapping at point p on a smooth
surface C associates each tangent vector in the tangent space
Tp to a point on a geodesic cvðsÞ through cvð0Þ ¼ p.
fðvÞ ¼ cvð vk k2Þ ð2Þ
where s is the arc-length parameter. It means, for a given
vector v#Tp, the radial lines rv  Tp; r 2 R are mapped
isometrically to a geodesic ray cv.
Floater19 exploited the method to approximate the expo-
nential mapping for triangular meshes.20–23 Consider a vertex
and its 1-ring neighbor, as shown in Fig. 1. Let pi denotes
the mapping point of vertex vi, correspondingly to p and v.
By keeping the distances between v and vi constant
Fig. 1 Exponential mapping and barycentric coordinates.
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scale the angles of consecutive vertices around v as
\ðvvi; vvjÞ ¼ r  \ðppi; ppjÞ ð4Þ
where the scale factor r forces the sum of the angles around
the center point p to be 2p.
Once the exponential mapping is constructed, barycentric
coordinates for point p and its neighbors fpig can be easily
obtained. Floater ﬁrst assigned a triangle, containing the
center point p, for each point pi, as shown in Fig. 1(b).
Subsequently, he expressed p as a weighted combination of
the triangle’s three vertices
p ¼ wipi þ wjpj þ wlpl ð5Þ
where the coefﬁcients wi is the result of divides two areas of
triangle
wi ¼ AðDpplpjÞ=AðDpipjplÞ
wj ¼ AðDpplpiÞ=AðDpipjplÞ
wl ¼ AðDppipjÞ=AðDpipjplÞ:
By applying the previous procedures to each neighboring
point pi, we can get more than one coefﬁcient for each point
pi. Then by taking the average of these coefﬁcients, similar
to Eq. (8), we can construct the local conformal mapping.
However, the uniformly scaling procedure of angles is
unreasonable, which will inevitably introduce errors by imple-
menting the parameterized process. We next propose a direct
method for computing barycentric coordinates. As mentioned,
the exponential mapping preserves distances along each radial
direction. Therefore, we can exploit the geodesic distances on
meshes to construct barycentric coordinates rather than pro-
jecting vertices onto tangent planes. Thus we have to compute
geodesic distances on triangular meshes ﬁrst. Generally, piece-
wise lines on triangular facets are approximations of geodesic
on a surface. Take the mesh shown in Fig. 2 for instance, ﬂat-
ten triangles Dvvkvj and Dvvkvl on a plane along theirFig. 2 Direct constructing of barycentric coordinates.intersection line segment vvk, resulting in a quadrilateral as
shown in Fig. 2(b). Thus, the approximation of the geodesic
curve from vj to vl is the piecewise lines corresponding to the
planar line segment v0jv
0
l, as shown in Fig. 2(a). If there are more
than two triangles between vj and vl, computing the geodesic
between them is similar. Meanwhile, if point v0 is inside trian-
gle v0jv
0
lv
0
k, which means that the spatial vertex v is outside the
surface triangle Dvivjvl, the barycentric coordinates of the three
vertices with respect to v are meaningless. Therefore, for
boundary vertices, we set all the barycentric coordinates of
its neighbor vertices to be ZERO.
After computing geodesic and assigning each neighbor ver-
tex (e.g., vl) with a surface triangle (e.g., polygon vlavjvibvl)
containing the center vertex v, we can construct barycentric
coordinates with
p ¼ wlipi þ wljpj þ wllpl ð6Þ
where the coefﬁcients wli are
wll¼AðDvvivjÞ=AðDvvivjþDvavjþDvavlþDvbviþDvbvlÞ
wlj¼AðDvbviþDvbvlÞ=AðDvvivjþDvavjþDvavlþDvbviþDvbvlÞ
wli¼AðDvavjþDvavlÞ=AðDvvivjþDvavjþDvavlþDvbviþDvbvlÞ
By letting wlr ¼ 0, if r–i; j; l, Eq. (6) can be rewritten as
p ¼
X
i
wlipi ð7Þ
Eventually, take the average of coefﬁcients associated with
vi as its local conformal mapping weight
wi ¼ 1
sizeðNðpÞÞ
X
j
w ji ð8Þ
where
p ¼
X
wipi and wi > 0;
X
wi ¼ 1 ð9Þ2.2. Global conformal mapping
After constructing local conformal mappings, they can be
merged together by solving a linear system, resulting in a
global conformal parameterization for S.
Suppose that f : S! R2 is the inverse mapping of parame-
terization, linear equations can be built as follows:
ui 
X
vj2NðviÞ
wijuj ¼ 0 i ¼ 1; 2; . . . ; n ð10Þ
where ui is the corresponding planar vertex for the mesh vertex
vi, i.e., fðviÞ ¼ ui. By letting wik ¼ 0, if vk is not adjacent to
vi, the linear system (10) can be written in a matrix form as
WU ¼ 0 ð11Þ
where the unknown vector Un2 ¼ u1; u2; . . . ; un½ T. For vertices
that are not on the boundary, their corresponding rows in
matrixW have the diagonal entry wi being 1. While for bound-
ary vertices, their corresponding rows are a ZERO row, which
makes these unknown corresponding boundary vertices
become free variables. Namely, when conformally parameter-
izing a triangular mesh, boundary mapping can be
pre-set. Let the boundary vertices set of mesh M be
@M ¼ fvmþ1; vmþ2; . . . ; vng and let boundary mapping be
1558 Jibin Zhao et al.fð@SÞ ¼ ðfmþ1; fmþ2; . . . ; fnÞ ¼ ðumþ1; umþ2; . . . ; unÞ#R2 ð12Þ
Then, Eq. (11) can be rewritten as
WU ¼ 0) AUI ¼ BUO ð13Þ
where
W ¼ Amm BmðnmÞ
CðnmÞn
 
UIm2 ¼ u1; u2; . . . ; um½ T
UOðnmÞ2 ¼ umþ1; umþ2; . . . ; un½ T
Since the proposed weights are positive, this linear system
has a unique solution if boundary mapping is given.24–26
Generally, matrix A is sparse. Thus, the GMRES algorithm
is utilized to solve linear Eq. (13).
The mapping relationship between vertex sets of planar and
spatial meshes can be used to deduce the mapping relationship
between triangular facets
ui : ti ! ti; ti 2 T; ti 2 T ð14Þ
where T and T denote the triangular facets of a triangular
mesh M and a planar mesh D, respectively. Suppose that
vi3; i ¼ 1; 2; 3 are the vertices of a spatial triangle ti and
vi2; i ¼ 1; 2; 3 are the vertices of ti. For any point p 2 ti, we
express its corresponding planar point as a barycentric combi-
nation of vi2
q ¼
X
wiv
i
2 ð15Þ
where wi are the barycentric coordinates of p on triangle ti,
similar to Eq. (6). Then, let
u0i ¼
u1i u 2 ti
0 u R ti

ð16Þ
Thus, / ¼Pu0i : D! S is a conformal parameterization
of piecewise approximating mapping for a linearly represented
continuous surface S.
The essence of Floater’s method is that it can project a ver-
tex and its neighbors onto a plane as even as possible, and then
those tangent planes can be merged into a single plane confor-
mally with the help of barycentric coordinates.27 Our approach
is to employ the geodesic on meshes for directly computing the
coordinates, which can avoid the intermediate error of approx-
imating exponential mapping and simpliﬁes computation of
parameterization. Fig. 3 is presented to show comparisonsFig. 3 Comparison of the proposed method with Floater’s
method.between the proposed method and the original method. It
can be obviously shown that our method can give better
results, especially for complex regions (e.g., regions near nose,
eyes, and forehead).
3. Properties of conformal parameterization
As a senior parameterization, conformal parameterization
has some perfect properties24–26 for tool path planning,
e.g., free-boundary property. Tool path planning involves
two aspects: one is path pattern and the other is path
parameter. There are three path patterns so far: direction
parallel, contour parallel, and spiral. Path parameters con-
cern forward step and side step. In this section, we will show
that the local similarity and free-boundary properties of con-
formal parameterization can be exploited to simplify the for-
mulas of path parameters and generate a boundary-
conformed tool path, respectively.
3.1. local similarity property
Consider a parametric surface
P ¼ fr 2 R3 r ¼ rðu; vÞj g, where
ðu; vÞ 2 D  R2. Its ﬁrst-order approximation is
rðuþ Du; vþ DvÞ ¼ rðu; vÞ þ J Du;Dv½ T ð17Þ
where J ¼ ru; rv½ 32 is the Jacobian. The singular value decom-
position of the Jacobian matrix is
J ¼ UKVT ¼ U
r1 0
0 r2
0 0
2
64
3
75VT ð18Þ
where
r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðEþ GÞ þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4F2 þ ðE GÞ2
q 
2
s
r2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðEþ GÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4F2 þ ðE GÞ2
q 
2
s
where E ¼ ru  ru;F ¼ ru  rv, and G ¼ rv  rv are the coefﬁcients
of the ﬁrst fundamental form. If surface
P
is a conformal
parameterization surface, it is well known that
E ¼ G; F ¼ 0 ð19Þ
and r1 ¼ r2 ¼
ﬃﬃﬃ
E
p ¼ ﬃﬃﬃFp .
From Eq. (19), it is easy to ﬁnd that the Jacobian consists of
three components, two orthogonal matrices and a diagonal
matrix. A matrix means a linear transformation between two
vector spaces. Thus it is easy to ﬁnd the geometric meaning
of the Jacobian.
Vector Du;Dv½ T is ﬁrstly rotated according to the Givens
rotation matrix VT, then scaled according to the diagonal
matrix, and ﬁnally rotated according to the Givens matrix U.
Therefore, for conformal parameterization, having r1 ¼ r2,
vector Du;Dv½ T is scaled at the same magnitude along every
direction. Namely, a small increment on a surface is
r ¼ r1 ¼ r2 times of the corresponding parametric increment.
When transferring a surface path-interval to a parameter step,
this locally similar property can be utilized to reduce computa-
tion. Moreover, conformal parameterization is angle-
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that of 2D parametric ones.
Considering two vectors a ¼ Du;Dv½ T and b ¼ du; dv½ T at
point ðu; vÞ, the cosine value of the angle is aT  b=ð ak k bk kÞ,
and the cosine value of the corresponding cosine value of the
angle on the surface is
ðJaÞT  Jb
Jak k2 Jbk k2
¼ r
2a  b
r2 ak k2 bk k2
¼ a  b
ak k2 bk k2
ð20Þ
It is well-known that a single path on a free-form surface is
offset from a previous one along the orthogonal direction to
the forward direction. Therefore, for an iso-parametric tool
path, if its forward direction is the rv-direction, the offsetting
direction is the ru-direction which corresponds to the paramet-
ric direction Du; 0½ T. Suppose that ls is the side interval, and
then its side step is
Du ¼ ls=r ð21Þ3.2. Free-boundary property
The term free-boundary means that the boundary of a param-
eter domain can be set arbitrarily. By applying such a property
for tool path planning, we can generate a boundary-conformed
tool path to avoid generating self-intersection, schismatical,
and discrete tool paths.
As mentioned previously, there are three tool path patterns.
When planning a direction parallel tool path, boundary points
are mapped to a rectangle in a Cartesian coordinates system.
They are ﬁrstly divided into four parts manually, so that four
breaking points are consistent to the four planar corner points.
Then, each part is proportionally mapped to its corresponding
planar edge according to the chord length between adjacent
vertices on the 3D boundary. Suppose that the consecutive
lengths of the four parts are L1;L2;L3, and L4. Then the lower
left point is set to be 0; 0ð Þ and the upper right point is
L1 þ L3ð Þ=2; L2 þ L4ð Þ=2ð Þ. The ﬁrst part is mapped to u-axis
with
f : pi # ðki  ðL1 þ L3Þ=2; 0Þ pi 2 first part of @C ð22Þ
where ki is the assigning parameter with krþ1 ¼ 0 and for the
rest of the points, ki ¼
Pi
j¼rþ2 pj  pj1
		 		
2
=L1. The same map-
ping process can be performed for the other three parts. As for
contour parallel and spiral tool paths, the boundary is mapped
to a circle in a Polar coordinates system with
f : vi # ðR0; ki  2pÞ vi 2 @S ð23Þ
where radius R0 can be set arbitrarily and we set it to be
L=ð2pÞ with L being the length of the boundary. ki is the dis-
tribution parameter with krþ1 ¼ 0 and for rþ 1 < i 6 n, it is
ki ¼
Pi
j¼rþ2 pj  pj1
		 		
2
.
L.
Since the mapping relationship between S and D is one-to-
one, when paths on the parameter domain is non-intersect,
their corresponding spatial tool paths will be non-intersect
too. According to this property, when planning tool paths,
we choose concentric circles or parallel segments as paths
which are obviously non-intersect and thus the tool paths
can be prevented from self-intersection.4. Tool path planning
Planning a tool path is to represent a surface with a series of
curves against some error criteria (i.e., chord deviation and
scallop height). An iso-parametric tool path consisting of m
parametric curves (e.g., frðu0; vÞ; rðu1; vÞ; . . . ; rðum; vÞg) is
generated by keeping one parameter (e.g., u) constant and
varying others. In this section, we will discuss how to generate
direction parallel, contour parallel, and spiral tool path
patterns, respectively.
4.1. Estimating differential properties
The calculation of path parameters is closely related to the
differential properties of a surface. For example, the calcula-
tion of the path interval between two consecutive tool paths
relies on the normal curvature of the surface, and the nor-
mal curvature further depends on the ﬁrst and second fun-
damental forms of the surface. These two fundamental
forms are
I ¼ Edu2 þ 2Fdudvþ Gdv2 ð24Þ
II ¼ Ldu2 þ 2MdudvþNdv2 ð25Þ
where E ¼ ru  ru;F ¼ ru  rv, and G ¼ rv  rv are the coefﬁcients
of the ﬁrst fundamental form, while L ¼ n  ruu;M ¼ n  ruv,
and N ¼ n  rvv are the coefﬁcients of the second fundamental
form. Therefore, the calculation of differential properties of
the surface is the basis for tool path planning.
Here we employ the second-order rational polynomial for
ﬁtting the local conformal parameterization. The reason for
choosing the second order is that during the procedure of
tool path planning, only the properties of the second-order
differential equation are involved. Assume that
fp1; p2; . . . ; psg are the 1-ring neighbor set of point p0 on
S, and their corresponding planar parameter points are
fq1; q2; . . . ; qsg and q0, respectively. The so-called second-
order rational polynomial ﬁtting means using the following
function
rðu; vÞ ¼ c1u2 þ c2v2 þ c3uvþ c4uþ c5vþ c6 ð26Þ
to approximate the map uðqiÞ ¼ pi; 0 6 i 6 s in the least
square sense. The coefﬁcients of Eq. (26) are all 3 1 vectors.
Then it will be easy to evaluate that ru ¼ c4; rv ¼ c5; ruu ¼ 2c1,
and rvv ¼ 2c2. We will show how to gain these coefﬁcients in
the least square sense in further detail below.
Eq. (26) can be rewritten in the following matrix form:
rT ¼ u2; v2; uv; u; v; 1
 
cT1
cT2
..
.
cT6
2
66664
3
77775 ð27Þ
So the problem becomes to ﬁnd an optimal coefﬁcient
vector (a real matrix) that minimizes the squares sum of errors.
arg min E ¼
X
rðqiÞ  pij j2 ¼ trðeeTÞ ð28Þ
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e ¼ UC P ¼
u20; v
2
0; u0; v0; u0; v0; 1
u21; v
2
1; u1; v1; u1; v1; 1
..
.
u2s ; v
2
s ; us; vs; us; vs; 1
2
66664
3
77775
cT0
cT1
..
.
cT6
2
66664
3
77775
pT0
pT1
..
.
pTs
2
66664
3
77775
The necessary condition of minimizing e is e ¼ 0, i.e.,
UC ¼ P) C ¼ ðUTUÞ1UTP ð29Þ
Once coefﬁcient C is obtained, all the differential properties
ru; rv; ruu, and rvv can also be obtained. Furthermore, the unit
normal vector at a point is
n ¼ ru  rv=ð ruk k2 rvk k2Þ ð30Þ4.2. Path parameters calculation
The so-called path parameters are the forward step and the
side step. The former is responsible for the chord deviation.
The latter is responsible for the scallop height. These two
parameters can be computed as follows.
The forward surface interval for machining can be
expressed as
lf 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8eR cos h 4e2
p
ð31Þ
where R is the radius of the normal curvature, e is the chord
deviation tolerance, and h is the angle between the normal of
the surface and the normal of the path. Normal curvature is
deﬁned as the curvature of a curve that is the intersection
between the surface itself and a plane determined by the
normal vector and a tangent vector, and this curvature can
be expressed as follows:
j ¼ II
I
¼ Ldu
2 þ 2M dudvþNdv2
Edu2 þ 2Fdudvþ Gdv2 ð32Þ
For an iso-parametric tool path, we choose the v direc-
tion as the forward direction. Therefore, the radius of the
forward normal curvature along the v direction can be sim-
pliﬁed as
R ¼ 1
j

 ¼ III

 ¼ GN

 ð33Þ
After calculating the forward interval on the surface, we
should transform it into the forward step on the parameter
domain. From the discussion of local similarity in
Section 3.1, we know that the magnitude rvj j is a scaling factor
between the forward interval and the forward step. i.e.,
Dvi ¼ viþ1  vi ¼ lfiri ¼
lfi
rvj j ð34Þ
Eventually, the forward step can be iteratively computed
with the expression
viþ1 ¼ vi þ lfi
rvj j ð35Þ
The side interval between two consecutive tool paths can be
expressed as
ls 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8hr
Ra
Ra þ r
r
or ls 6
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
8hr
Ra
Ra  r
r
ð36Þwhere Ra is the radius of the normal curvature along the side
direction, h is the scallop height tolerance, and r is the radius
of the cutter. The former expression is for convex surfaces
and the latter is for concave ones. According to the discussion
in Section 3.1, conformal parameterization is angle-preserving,
so the v direction is the forward direction and the u direction is
the side direction (orthogonal to the forward direction). The
radius of the normal curvature along the side direction can
be simpliﬁed as
js ¼ II
I

 ¼ Ldu2Edu2

 ¼ LE

 ð37Þ
Similar to the forward step, we can get the side step on the
parameter domain by scaling it with respect to ruj j, i.e.,
Dui ¼ uiþ1  ui ¼ lsiri ¼
lsi
ruj j ð38Þ
Finally, for each point on the tool path, its side step is
uiþ1 ¼ ui þ lsi
ruj j ð39Þ
For other methods, the side direction is not consistent to
the u direction, so the side direction on the surface needs to
be transferred to the corresponding direction on the parameter
domain. Then the scaling factor along that direction should be
computed. However, both procedures are non-trivial and need
the estimation of two more differential properties, M and F.
All these problems are not among the subjects we have studied.
4.3. Tool path planning
Due to the discreteness of machining, a tool path is discretized
to be a family of curves on a surface. A single tool path is usu-
ally discretized to be a series of line or arc segments (this paper
focuses on line segments), for the limited capacity of a CNC
interpolator. Therefore, how to effectively ﬁnd endpoints of
each segment is the key task for tool path planning.
4.3.1. Direction parallel tool path
In order to construct row-like curves on surfaces using the iso-
parametric method, the parameters u and v should be variables
of a Cartesian coordinates system. As mentioned, the proposed
parameterization has a free-boundary property. Therefore, the
parametric domain for planning a direction parallel tool path
is set as a planar block, which means that the boundary is
mapped to a rectangle. If the lower left point of the rectangle
is set to be the original point and its adjacent edges to be x-axis
and y-axis respectively, the forward direction can be chosen as
the positive direction of y-axis and the side direction as the
positive direction of x-axis.
For each path, starting from an initial point ðxi; 0Þ, itera-
tively determine next forward point ðxi; yjÞ ! ðxi; yjþ1Þ by the
forward step computing and convex linear interpolation until
y-coordinate is out of range, i.e., yjþ1 > Y, and set the last yj
to be Y.
For consecutive paths, compute the side step for each point
on the previous path. Select the minimal step as the side step
for next path. Iteratively determine the next forward point
ðxi; yjÞ ! ðxi; yjþ1Þ by the forward step computing and convex
linear interpolation until y-coordinate is out of range, i.e.,
xjþ1 > X.
Fig. 5 Experimental models.
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the boundary inward a cutter radius distance.
4.3.2. Contour parallel tool path
The difference between contour and direction parallel tool
paths is the coordinates system used. For a contour parallel
tool path, the parameters u and v should be variables of a
Polar coordinates system, and the boundary is mapped as a
circle with its center being the original point and R the radius.
The forward direction can be chosen as the positive direction
of h-axis and the side direction as the positive direction of
q-axis.
For each path, starting from an initial point ðqi; 0Þ, itera-
tively determine next forward point ðqi; hjÞ ! ðqi; hjþ1Þ by the
forward step computing and convex linear interpolation until
hjþ1 is out of range 2p, and set the last hj to be 2p.
For consecutive paths, compute the side step for each point
on the previous path. Select the minimal step as the side step
for next path. The q-coordinate of the last path is equal to R.
Note that the ﬁrst path is a point (the original point). Its
side step is selected as the minimal one from the side steps
calculated along different directions around it.
4.3.3. Spiral tool path
In fact, a spiral tool path is not a parallel path pattern, which
makes it impossible to plan an iso-parametric tool path.
However, a consecutive tool path is often generated by linking
two parallel contours (circles). Suppose there are two concen-
tric circles on the parametric domain, as in Fig. 4. The uniform
(or linear) spiral curve between them is
q ¼ qðhÞ ¼ h
2p
R2 þ 1 h
2p
 
R1 h 2 0; 2p½  ð40Þ5. Experimental results and analysis
In this section, the proposed method is implemented on real
data. A free-form surface model and a human face model
are chosen to illustrate its effectiveness, as shown in Fig. 5.
The former has a complex boundary and is generated by the
UG software, while the latter has a complex interior shape
and is generated by a coordinate measuring machine.
Their bounding box ranges are 100 61:7 28:2 and
139:57 118:93 32:76, respectively. A ball-end cutter with
a radius of 4 mm is chosen to illustrate the path generation
so that tool orientation does not matter. The limited scallop
height is h= 1 mm and the chord deviation is e= 0.01 mm.
The reason for setting the scallop height to be larger than
the practical application is to avoid that the paths are too
dense to be clearly shown.Fig. 4 Generate spiral paths from contour parallel paths.Fig. 5(a) shows a triangular mesh model of the free-form
surface and Fig. 5(b) shows a triangular mesh model of the
human face model. Fig. 6(a) shows the angle-preserving prop-
erty when the parameter domain is rectangular. Fig. 6(b)
shows the angle-preserving property when the parameter
domain is circular. Fig. 6(c) shows the direction parallel tool
path generated by the proposed method. Fig. 6(d) shows the
contour parallel tool path. Fig. 6(e) shows the spiral tool path.
Fig. 7 shows the corresponding paths for the human face.
From Figs. 6 and 7, we can ﬁnd that the conformality is
distorted near the boundary, which will result in Eq. (39)
being invalid. Then we show that the error caused by such
non-conformality can be acceptable. As known, the side
interval and the scallop height are related with Eq. (36), and
thus we have
l2s þ 2lsDls þ Dl2s ¼ 8ðhþ DhÞrR=ðR rÞ ð41Þ
Substituting the expression l2s ¼ 8hrR=ðR rÞ into it and
eliminating the high-order components, we get
2lsDls ¼ 8DhrR=ðR rÞ ð42Þ
Divide both sides of the equation with value l2s , and then we
have
2 Dls=lsj j ¼ Dh=hj j ð43ÞFig. 6 Experimental results for the free-form surface.
Fig. 7 Experimental results for the human face model.
Fig. 8 Error caused by discrete conformal parameterization.
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errors of the scallop height and the side interval: the error of
the scallop height is twice that of the side interval.
Therefore, we can analyze the error of the tool path by analyz-
ing the side interval error instead of the scallop height error.
Two adjacent tool paths near the boundary in Figs. 6(d) and
7(d) are selected to illustrate the error between the side intervalls and the chord length l
0
s ¼ ruj j  Du
eð%Þ ¼ jls  l0sj=ls
  100 ð44Þ
The relative errors are shown in Fig. 8. In Fig. 8(a), the
mean, minimum, and maximum errors are 1.410, 0.017, and
2.132, respectively, while in Fig. 8(b), the corresponding errors
are 1.503, 0, and 3.488, respectively. It can be found that no
matter for the human face with a complex interior shape or
for the free-form surface with a complex boundary, the errors
caused by non-conformality near the boundary are relatively
small.
Additionally, the boundaries of both selected models are
not smooth, as shown in Figs. 6(d) and 7(d). However, accord-
ing to the test results, the proposed method can smooth tool
paths gradually and automatically.
6. Conclusions
(1) In this paper, we provide a tool path generation method
which is based on conformal parameterization. The core
algorithm is the introducing of conformal geometry into
tool path planning. To achieve a better conformality of
parameterizing triangular meshes, a geodesic-based
method is proposed to improve the conformal parame-
terization algorithm presented by Floater. What follows
is the derivation of its relevant properties, i.e., local sim-
ilarity and free-boundary. Then these properties are
exploited to reformulate the formulas for computing
path parameters and generating boundary-conformed
tool paths.
(2) The tool path generated by the proposed method is free
from sharp corners, short paths, self-intersection, and
disjunction. It can improve the dynamic performance
of machine tools and extend tool life.
However, this work preserves the weakness of iso-
parametric methods inherently, i.e., less efﬁcient than iso-
scallop ones. Therefore, further research should be carried
out to apply the conformal geometry to iso-scallop path plan-
ning. Fortunately, when planning iso-scallop tool paths, most
results in this paper remain valid, e.g., the formulas of comput-
ing path parameters.Acknowledgements
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